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1. The onlyif direction is clear, we prove the other direction. Assume d
satisfies (i) and (ii), we first check d(z,y) = d(y, z). Put z = y in condition
(ii), we get

d(z,y) < d(y,z) + d(y,y) = d(y, z)

Swapping the roles of z and y, we also get d(y, x) < d(z,y), hence d(x,y) =
d(y,x). Having proved that d is symmetric, condition (ii) is now equivalent
to the triangle inequality. This shows d is a metric.

2. (a) It is clear that dy(x,y) = di(y, ), di(z,y) > 0 and dy(x,y) = 0 if
and only if x = y. Moreover, for x,y, z € Iy,

di(z,y) + di(y, 2) = Z(m =yl + |y — 2l)
> |z — 2] = di(w, 2),

This proves the triangle inequality.

(b) Tt is clear that da(x,y) = da(y,x), do(x,y) > 0 and da(x,y) = 0 if
and only if x = y. Moreover, for z,y,z € l5. We want to show the
triangle inequality:

da(z,y) + da2(y, 2) > da(z, 2)
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which is the Cauchy Schwartz inequality.

(c) Tt is clear that doo(2,y) = doo (Y, 2), deo(z,y) > 0 and deo(x,y) =0
if and only if x = y. Now let x,y, z € I, for each i € N, we have

|z; — 2| < @i —yil + |y — 2i] < doo(,y) + doo(y, 2)



Taking the supremum, we get the triangle inequality:
oo (2, 2) < doo (2, Y) + doo (y, 2)
(d) Let = €Iy, then since ) |z;| < oo, we can find n € N s.t. |z;| < 1 for
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Next assume y € Iy, then we can similarly find n € N s.t. |y;| < 1 for
1 > n. Thus
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Thus @ is continuous.
(b) Since dy < (b — a)ds, part (a) shows that
[©(f) — 2(g)| < (b—a)d(f,9)
so ® is continuous.
(c) Consider the sequence of functions f, : [-1,1] = R (n € N) with

fol) = {1 —nz|, ifxe[-1/n,1/n]

0, otherwise.

Then || full1 = 2 — 0, i.e. d1(f,,0) — 0, but f,,(0) = 1 for all n, this
shows W is not continuous.

(d) ¥ is continuous because |f(0) — ¢g(0)| < dwo(f, 9)-

4. Let f, be a sequence in Cfa,b] that converges to f. Suppose further
fn > a, let © € [a,b], we want to show f(z) > «. Note that

f@) —az (fulz) —a) = [f(z) = fu(@)] = —de(f, fn)

Taking n — oo, we get the desired result.



